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The statistical dynamical theory of X-ray diffraction is developed for a crystal
containing statistically distributed microdefects. Fourier-component equations
for coherent and diffuse (incoherent) scattered waves have been obtained in the
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1. Introduction

The statistical dynamical diffraction theory (SDDT) formu-
lated first by Kato (1980a,b) is the general approach to the
description of the X-ray scattering by a crystal with randomly
distributed defects. Various authors (Becker & Al Haddad,
1989, 1990; Guigay, 1989; Guigay & Chukhovskii, 1992, 1995)
have obtained further modifications of the original Kato
treatment (Kato, 1980a,b).

Kato (1991) has proposed an approach based upon the
Green-function concept. In its original form, which is free
from the so-called Takagi—Taupin approximation, this theory
is too complex for practical applications. All above-mentioned
formulations of the SDDT have been developed for a point
source in Laue geometry (the case of a spherical wave).

Holy (Holy, 1982a,b; Holy & Gabrielyan, 1987) developed
an alternative approach to SDDT based upon the mutual
coherency function. This approach was used (Holy & Kubena,
1992; Holy et al, 1992, 1993, 1994; Darhuber et al., 1997) for
the calculation of the distribution of diffuse scattered waves
within the framework of the kinematical diffraction theory
(Dederichs, 1971; Krivoglaz, 1996).

The X-ray diffraction theory of plane waves is more
important for practical purposes, since it takes into account
the angular distribution of the scattering intensity. Bushuev
(1989a,b) offered such a SDDT within the framework of
Kato’s treatment (Kato, 1980a,b). Punegov (1990) developed
the equations of SDDT for heteroepitaxial systems non-
uniform in depth. In our comment (Pavlov & Punegov, 1997),
we noted that Chinese scientists (An et al, 1995) have
formulated this approach anew. Pavlov & Punegov (1998a,b)
have obtained the most general equations of SDDT for a
deformed crystal in the case of plane waves. Recently, Guigay
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case of so-called triple-crystal diffractometry. New correlation lengths and areas
are introduced for characterization of the scattered volume.

& Vartanyants (1999) have developed SDDT for large
correlation lengths.

The statistical theory of X-ray diffraction by non-uniform
and multilayer systems (Punegov, 1991a, 1993, 1994) has been
used for solving inverse problems of X-ray diffraction in cases
of laser heterostructures (Pavlov et al., 1995) and non-uniform
epitaxial layers with linear change of components with depth
(Punegov et al., 1996). Both the double- and the triple-crystal
diffractometry data must be allowed for the inverse problem
solving within the framework of the statistical theory of X-ray
diffraction. Using only double-crystal diffractometry data (An
et al., 1995; Li et al., 1995) does not enable one to obtain
reliable information on the structural characteristics of
epitaxial layers, since the scattering intensity involves both the
coherent and the diffuse components (Punegov, 1991b).

High-resolution triple-crystal diffractometry (Ilida & Kohra,
1979; Zaumseil & Winter, 1982a,b; Lomov et al., 1985) gives
much more information about investigated structures with
defects than double-crystal diffractometry. However, to date,
any approach of Kato’s variant of SDDT applied to triple-
crystal diffractometry has not been developed.

It should be noted that Bushuev (1988) has applied the
double-crystal diffractometry approach of SDDT to calculate
the triple-crystal diffractometry. He has modernized the
expression of the correlation length from 7(w) to t(w, €),
where w is the angular deviation of a sample and ¢ is the
angular deviation of an analyser crystal. However, such an
approach is a very strong semi-empirical simplification.

This paper aims to develop the equations of SDDT
presented in Pavlov & Punegov (19984,b) for the case of
triple-crystal diffractometry.

The organization of this paper is as follows. In §2, we
develop the theoretical formalism for X-ray dynamical
diffraction using the Fourier transform. In particular, we
obtain an integral solution for the Fourier components of the
diffracted and transmitted wavefields. §3 examines the
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coherent wavefield within a crystal, including the case of a
semi-infinite crystal. §4 discusses the diffuse wavefield. Finally,
in §5, we present our concluding remarks.

2. Theoretical formalism for the Fourier components of
the wavefield

We consider dynamical X-ray diffraction in Bragg geometry
from a crystal containing statistically distributed defects. The
diffraction geometry and the parameters are shown in Fig. 1. A
monochromatic wave emanating from a monochromator is
incident on the entrance surface of the crystal, which is shaped
like a homogeneous crystalline layer with thickness /. This
layer has large extent in the direction of the axis X. The
incident divergent beam is restricted in both the X and Y
directions by using vertical and horizontal slits between the
monochromator and the crystal. We use the oblique coordi-
nates, So and Sy (see Fig. 1), with unit vectors s, = K/ |K|
and s; = K, /|Kyl.

The relationships between the oblique coordinates, S, and
S, and the Cartesian ones, X and Z, with the X axis oriented
along the crystal surface and the Z axis oriented into the
crystal (Pavlov & Punegov, 19984,b), are:

x = sy co8(0g — @) + 5, cos(0 + @) M)
Z =8y sin(@p — @) — s, sin(0 + @),

0y is the Bragg angle. These relationships can be rewritten
using the asymmetry factor

_sin(05 —¢)  sin(6;)
~ sin(@z + @) sin(6,)

(see Fig. 1):

Sy z b b4
Sy — T = — ) So — S, =
b sin6, o

_—. 2
sin 6, @
Inside the crystal, the X-ray wavefield is described by a system
of equations of dynamical diffraction (Takagi, 1969; Taupin,
1964; Afanas’ev & Kohn, 1971):

OF T o+ 4 Cexplih - Su)E

—=— — x;Cexp(ih - Su

B A 0Xo 3 Xn p h
0E, im

i 3)
= IEh(XU —a,)+ n X, C exp(—ih - Su)E,.

as),

Here, E, and E,, are the amplitudes of the transmitted and
diffracted waves, o, = —2sin 20w, w = 0 — 0, is the devia-
tion angle of the investigated crystal from the Bragg position,
h is the diffraction vector, x, , ; are the Fourier components of
the susceptibility, A is the X—ray wavelength, C is the polar-
ization factor,

C— 1 o polarization
| cos(260;) mpolarization,

and du is the atomic displacement vector caused by statistically
distributed defects.

In the system of equations (3), we perform the following
substitution (Pavlov & Punegov, 1998a,b):

Eo = Eqexp[—(imr/A) xo(sy — 54/b)]
= Ey exp[—(im/2) xo(z/sin 0,)] @
E, = E, exp[—(@im/A)(Xo — ap)(s;, — sob)]
= Ej, exp[(i/A)(xo — &;,)(z/sin 6,)].
Thereafter, the system of equations (3) can be rewritten in the
form

AE,(s,, j -
M = %X;Cexp(ih -Sw)E, (So, Sp,)

s,
I (5,
x expy == (% =) Dxo(L +b) = by,
y ®)
oE, (s, j -
OEulou30) _ I exp(—ih - )yl 5,)
os, A
in s
x expd o (s = )t (1 + b) — b1
A b
which allows an integral solution for Eo.h to be obtained:
y . - 0 . /
Ey(so, sn) = Eo(50, 5,) + lx C | xjexplih - du(sy, s,)]
/s
X exp{ii (Eh — sg)[xo(l +b)— bah]}
X Ej(sy, 5,) dsp (6)
Sh
- = T . ,
Ey (s, 51) = E,(50,5,) + lx c f X exp[—ih - du(sg, s3,)]
Sn
b4 LY
X expyi—|so— 2 [Xo(1 + b) — bay]
A b
x E,(sy, 5} ds),. (6b)
We define the boundary conditions as follows:
Eyz =0 G, 5)) = £, (x, 0) ()

E,(z=1% (,5,) =0.

Here, E(Oin)(x, 0) is the amplitude of the incident wave on the
entrance surface. In comparison with our previous article
(Pavlov & Punegov, 1998a,b), we take into account the general
case of the inhomogeneous pseudo-plane incident wave. In the
rectangular coordinates (see Fig. 1), these solutions (6a), (6b)
can be rewritten as

Ey(x, z) = Ey(x — zcot 6, 0)
+ i [ aj explih - Su(x + (2 — z) cot 6y, 2)]
0

x exp(—inz)E,(x + (' — z) cot 6y, z') dz’ (8a)
Ey(x,2) = E,(x — (I — 2) cot 6, )

!
+i [ a, exp[—ih - Su(x — (z' — z) cot 6,, )]

x exp(in'z)Ey(x — (2 — z) cot 6,, z) dz/, (8b)

where
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'7T .
7 =———[(1 + b)x, + 2bwsin(20,)];
Asin 6,
T Xo X, C 7x;C
= ; =——; G, =" 9
% Asin 6, "7 Asin6, i Asin 6, ©)

The amplitudes of the plane waves E,(x, z) and E, (x, z) inside
the crystal can be represented by the appropriate Fourier
integrals. Deviation vectors qq and q,, are perpendicular to the
average wave vectors K, and Ky, respectively (see Appendix
A and Fig. 1):

Ey(x, z) = (1/2m) [ dq,_Ey(qy.. 2) expliqy x)
Eh(x9 z) = (1/2m) quhx Eh(qhxv z) eXp(iqhxx).

(10a)
(10b)
The inverse Fourier transformation offers the amplitude of the
plane waves propagating in the (K, + q¢) and (Ky + q)
directions, respectively.
Eo(‘]oxv 7) = deEo(x’ z) eXP(_i‘onx)
Eh(qhxv 7) = deEh(X, 2) CXP(_iC]hxx)-

(11a)
(11b)

Usually, in experiment the intensity is integrated along the Y
coordinate by the detector. Therefore, we do not take the
Fourier transformation along the Y axis.

In the formal solutions (8a), (8b), we substitute the Fourier
representation (10a), (10). In addition, using (11a), (11b), we
take the inverse Fourier transformation of the obtained
expressions and return to the initial representation of the
wavefield amplitudes:

Ey(qo,, 2) = Ey(q,,, 0) exp(—iq,, z cot ;) exp(iayz)
+ i [ dx exp(—ig, x) exp(iayz)

z
x [ dz' a; exp[ih - Su(x + (z' — z) cot B, 2)]
0

x E,(x + (' — z) cot 6, ') exp(—iayz')
E(q;, > 2) = Ey(qy,, D) exp[—ig, (I — z) cot 0]
x expli(n — ag)(l — 2)] +i [ dx exp(—igj, x)
!
x [dz'a, exp[—ih - Su(x — (z' — z) cot B,, 2)]

x expli(n’ — ap)(z' — 2)|Ey(x — (' — z) cotb,, 7).
(12b)

(12a)

Here we have used the well known expression for the Dirac §
function:

8(¢ — ¢q') = (1/2m) [ dx expli(g — ¢')x]. (13)

Thereafter, we take the Fourier transformation of the wave
fields in integrals in (12a), (12b) and assume the following
boundary conditions of the X-ray diffraction in the Bragg case:
on the entrance surface, ES")(qOK) = Ey(qo,,0), and, on the
bottom boundary of the crystal, E,(q, /) =0. These
boundary conditions follow as a result of the Fourier trans-
formation of (7). Finally, we obtain the formal solution for the
wavefields in the directions (K, + qo) and (Ky + q,,), respec-
tively:

Ey(qq,» 2) = Ey(qo,. 0) exp[—i(g,, cot 0 — a,)z]
+ (i/2m) [ dx exp(—ig, x)

X fdz/ aj, explth - du(x + (z' — z) cot 0}, 2')]
0
x exp[—iay(z' — 2)] fthx E,(qy,.7)

x explig,, [x + (z' — z) cot 4]}
E,(qy,, 2) = (i/2m) [ dx exp(—ig,, x)

(14a)

!
x [dz'a, exp[—ih - Su(x — (z' — z) cot,, 2')]
z

x expli(z’ — 2)(n" — a,)] [ da,, Eo(qq,, Z)

x expligy [x — (' — z) cot 6,]}. (14b)

Equations (14a), (14b) describe the complex process of
interactions between the Fourier components of the waves,
including the coherent and the diffuse parts.

3. Coherent wavefields

There are three types of X-ray diffraction in crystals. If the
crystal lattice is free from randomly distributed defects, then
the X-ray diffraction is completely coherent. If the crystal
lattice is partially damaged by statistically distributed micro-
defects, then waves scattered coherently and diffusely are
formed. If the whole crystal bulk consists of blocks whose size
is less than the extinction length and these blocks are rotated
relative to each other by small angles (short-range order), then
the X-ray scattering in such a crystal is total incoherent. We
consider the second variant as the general case.

Figure 1

The diffraction geometry is shown in this figure, where K, is the average
wavevector of the incident wave, K, is the average wavevector of the
diffracted wave. H is the diffraction vector and ¢ is the inclination of the
lattice planes with respect to the crystal surface (X axis). The vectors Ko,
K, and H lie within the plane of diffraction (XOZ). The Y axis is oriented
perpendicular to the diffraction plane and lies on the crystal surface. S,
and S, are the axes of the oblique coordinates (S, S;). qo and g, are the
deviation vectors.
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After some algebra, we write equations (5) in rectangular
coordinates:

aEO(QO ,2) . Z
Tx = —iqg,_cot 91E0(qox ,2)
Z
+ ZL /dx aj, exp(—iq, x) exp[ih - Su(x, z)]
- X
X exp(—in'z) /d%x eXp(ithx)E"(qhx’ 2)
BEh(qh ) F
T" = lq;lx cot 92Eh(qhxv Z)

i [anontan
x exp[—ih - Su(x, z)] exp(in'z)

x / dq,, exp(iqy X)Ey(q, . 2).

(15)

By the statistical averaging of (15), we take into account two
components of the phase factor:

exp(ih - Su) = ® = () + & = f + 5. (16)

In the original Kato (1980a,b) treatment, the static Debye—
Waller factor was denoted as E. In all our previous articles, we
have used only this designation. However, the same letter
designating the wave amplitudes causes difficulties in the
reading of the paper. Therefore, following Bushuev (1994), we
use the designation f for the static Debye—Waller factor. Using
the formal solutions (12a), (12b), we write the statistical
averaging of the equations (15) for the initial amplitudes:

3E6((Io,_’ Z)

3z =i(ay — q,, cot 91)E8(q0x, 2)

i . .
+ﬂ// dth dxa,;fexp[z(qhx - qox)x]Eh(CIhx’ Z)

1 - e/~
- W /// dq,, dg, dx ah“ﬁEo(%X’ 2)
X exp[_i(‘]Qt - éovt)x]

x [ a explta, ~ ) - )
1
X /dz/ (8®(x, 2)8P* (X — (' — z) cotb,, 7))
x expli(z’ — 2)n'Texp[—ig, (z' — z) cot6,] (17a)

0L (g, 2) . / <
—————=i(ay —n +q,, cott,)E;(q, , 2)

z
X /dz/ (8®*(x, 2)8P(X + (' — z) cot by, 2))
0

x exp[—i(z' — z)n'lexplig,, (z' — z) cot 6]. (17b)

Here, Ef,(q,z) = (Ey,(q,z)) are the amplitudes of the
coherent wave. We assume that the amplitudes of the coherent
wave slowly change with the linear sizes of the defects. Hence,
these amplitudes quh change more slowly than §® and we can
neglect the correlation ((SCDEB_,,). In other words, the mean
sizes of the statistically distributed defects are less than the
extinction length.

Following the treatment of Kato’s SDDT (Kato, 1980a,b),
the differential correlation areas can be given in the form

i =[1/(1 — )] [ de exp[—i(q;, — q,,)e]
[—z~00
X f d§ expli&(n’ — q,, cot 6,)]
0
x (8D (x, 2)8P*(x + & — Ecot by, z + &)) (18)
5 =[1/(1 — )] [ dp exp[—i(q, — q,,)p]

IR0

X f dy expliy(n — q;, cot )
0
X (§®*(x, 2)8P(x + p — Yeotb, z — ).  (19)
These differential correlation areas are functions of angular
parameters only in the case of uniform distribution of small

size defects. Using (18) and (19), the equations for the
coherent amplitudes can be rewritten in the form

0EG(qy,,2) . 5
Tx = i(ay — qo, cot 0,)Ex(qq, » 2)

i .
+3 [ [ 0 avarrexciita, —a,

: 1 -
< B39 = G [ [ [ 4, das, x

x (1= f)E(@q,- 2) expl—i(gy, — o 2]}
aE;z (qhx ’ Z)

9z =i(ay—n' + q,, cot 92)E;(‘1hxv z)

i .
- 50 [ [ dau, var explta, a1

x Eg(qq,, 2)
1 ~ 2
+ (n) dg,, dg, dx apap(1 = f7)

0z
i / /d dra, fexplil WIE o . ) X Ey (@, 2) expl—i(gy, — G )X]%-
-— x a, f expli — X , 2
o 9o, h PLiGo, — 4, olqo, (20)
1
+ ///d~ dg, dxa,a; E;(q, , z .
2m)? n o, i Ein, 2) In the first equation of the system (20), the correlation area t{
x exp[—i(q, — q, )x] can be integrated over the deviation g, and, in the second
: ' equation, the correlation area 75 can be integrated over
X / dx expli(qy, — 5 )(x — X)] deviation ¢, , thus we obtain the integrated correlation
lengths:

230  Pavlov and Punegov - Triple-crystal diffractometry Acta Cryst. (2000). A56, 227-234



research papers

7 = (1/27) [dg, T

I—z~00
=[1/A =] [ d&expli&(n — qq, coth,)]
0
x (8®(x, 2)8P*(x — Ecot b, 7 + &)) (21)

75 = (1/27) [ dq, 15
= [1/(1 - )] f°° dy expliv(i — g, cot 6,)]
X (8D*(x, 2)8P(x — Yeothy, z — ¥)). (22)

If the incident wave is a plane wave (all components with non-
Zero q, are equal to zero) and the registration system works in
the so-called 6-260 mode (g, = 0), then the integrated corre-
lation lengths are identical to the correlation lengths [equa-
tions (13), (14)] in our previous paper (Pavlov & Punegov
1998a,b).

Finally, the system of differential equations for the coherent
amplitudes is given as

0Ei(qo - 2) . e

% = i(ay — q,, cot Gl)Eo(%x’ z) + iaj, fEh(QOx’ 2)
1 - o/~

~spaai(t =) [ [ da, v B, 2

X eXP[_i(‘Ior - Eon)x]"':f
IE;(qp,, 2)

- =i(ay — 1" +q,_cot6,)E;(q,, ,2)

o 1
- mtho(thx’ 7)+ %ahaﬁ(l - fz)

x / / 43, dx (. . 2)

x exp[—i(g,, — g, )x]%.

(23)

Here, we assume that defects are uniformly distributed in the
direction of the X axis. Then the correlation lengths can be
taken out of the integral:
OEi(qo,,2) . ¢ . ¢
Tx = i(ay — qo, cot01)Eg(qy,, 2) + iaj, fE}(qo,» 2)
— aya;(1 = )T Ej(qq, 2)
IE;(qn,-2) . , .
TX =i(ay — ' + q, cot6,)E} (g, . 2)
— ia, fE(qy, - 2) + aya;(1 — T Ej(q,, . 2).

(24)

Since the tangential projections of the wavevectors are iden-
tical for coherent components Ej and Ej, the Fourier
component Ej(q, , z) corresponds to the Fourier component
E}(qp, . z), where g, = q, . Then analytical solutions of the
system of equations (24) can be written as
EG(qq,, 2) = Ay expli(ro + Ay)z] + Az expli(hy — Ay)z]
Ej(qo, z) = ki Ay expli(hg + Ay)z] + kA, expli(hy — Ay)z],
(25)

where

a, =iaj f;
a, = iag—n'+ q,, cot 6,) + aya; (1 = )7
(26)

a; = i(ay — q,, cot 6,) — aya;(1 — f2)1_'f§

ay = —ia,f;

and

(Ao E£Ay) = _%{01 +a, +[(a; + a4)2 — Xayay — a2a3)]1/2}.
(27)

To obtain coefficients k, ,, the general solution (25) should be
substituted into the differential equations (24).

ky = 2a;/{a, — a, + [(a) + a,)* — 4a,a, — a,0,)]'};

28
ky = 2as/{a; —ay —[(a; + a4)2 — 4ayay — a2a3)]1/2}. @9

The coefficients A, can be obtained from conditions in the
boundary. Since the Fourier components of the coherent
amplitude are independent of each other, their calculations
can be made for each Fourier component separately.

3.1. Semi-infinite crystal

By consideration of the X-ray diffraction in a semi-infinite
crystal, we take into account that only one of two components
for each wave should remain in the analytical solution (25).
Choosing between them is based upon the condition that
the intensity of the penetrating wave should be decreased
inside the semi-infinite crystal. Therefore, the condition
Im(X, £ A;) > 0 can be used as a basic guideline in deciding
which component of the wave to employ. Also, it is possible
to neglect the term containing the correlation length. The
modified coefficients (26) are

a; = i(ay — q,, cot 61);
a; = —ia,f;

The reflection coefficient for any Fourier component of the
coherent wave can be written as

a, = ia;f;
a, = i(ag —n' + qq, cotb,). (29)

R.&- = (1/b1/2)k1‘2, (30)

where the rule of choosing between the coefficients k, , is the
same as the above-mentioned procedure for determination of
the sign in the exponent of the analytical solution (25).

4. Diffuse wavefields

We consider a yield of the diffuse scattered waves within the
framework of SDDT. The intensities of the diffuse waves are
differences between the total intensities and the coherent
intensities:

Ig,h(qx1 7)= (E(),h(Q)U Z)E?i,h(q.w 7)) — (EO,h(qx’ 7)) (E?;,h(QX7 2)).
(31)

Derivation of the equations for the diffuse intensities is closely
similar to that applied to obtain the equations for the coherent
amplitudes. For the total intensities, the following system of
equations can be written:

Acta Cryst. (2000). A56, 227—-234
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ol , oF ,
O(CIOX z) — (Ex(q, . 2) O(CI()X z)
0z . 0z
IE?(qq,, )
+ <T Eq(qs,- z)>
32
Man 2 [ OB, (32)
——=\Eq, ) ——
0z * 0z
oE* .2
+< h(ghx )Eh(q,,x,z)>'
4

We consider terms on the right-hand side of the system of
equations (32) in detail.

<EF§ (40, 2) OFalt,, 2) Z)>

0z

) i .
= i(ay — q,, cot 91)10(510X: z)+ E[dxah eXP(_lConx)

X / Ay, expligy DEL(gy,. 2) explih - Su(x, 2)]

X E,(qy,- 2)) (33)

. 0E,(qy» 2)
<Eh(qhxs z) %>

= —i(n' —a, — qy, cot ez)lh(th’ z)
i . .
_E/dxah eXP(_l‘Ihxx)/d‘on exp(iqy, X)

x (E,(qp, - z) exp[—ih - du(x, 2)]Eq(qq,» 2))- (34)

The correlation on the right-hand side of equation (33) can be
given in the form

(EgQE,) = f{EGE,) + (EGOP)E,) + (EG(SPE,)).  (35)

After substitution of the formal solutions (14a), (14b), we

obtain for the last two terms on the right-hand side of equation
(35):

(EBOIE,) =50yt = ) [ di, Eiay, DG, )

X exp[_i(th - [I()X)x]"?? (36)
(E6OE) =~ a1~ ) [ 4, (Ey(a,, DEIG,.2)
x explilay, — i, W% @)

Similarly, we can transform the correlation (E;®*E;) in
equation (34).

Finally, we obtain the equations for the total intensities in
the following form:

318 (o, 2)

oly(qo,,2) . , X
% = iayly(qy,, 2) + iaj, f(E(qy,, 2)E4(qo,. 2))
. 1

— aai(1l — f2)10(40X7 )T + o |aiz|2(1 -
< [ da, (Eian, D, ) +ce

al, ,

M = —i(n' — ap)l,(qy, 2)

0z *
- iahf<EZ(th’ Z)Eo(‘blxa 2))
2 - 1 2 2

+ aya;(1 —f )Ih(th’ )G — o la,|"(1 — f°)
x [ da (Exa, DEian NE e

(38)

By analogy with the procedure used for derivation of the
equations for the total intensities, we develop the equations
for the coherent intensities:

316(% ’ Z) - c ; ¢ H

S E — e, )+ 0, P o, a2
—a,a;(1 —fZ)I(C)(CIo; 9T +ec

(g, .2) . c ; c* °

T =i(a, — U/)Ih(ﬁlhx, 2) — ia, fE} (g, D)E3(ay,- 2)

+ ayai(1 = )y, , )T + c.c.

(39)

To obtain the equations for the diffuse intensities, the system
of equations for the coherent intensities (39) should be
subtracted from the system of equations for the total intensity
(38). After some algebra, we obtain for the diffuse intensities:

e iagl§(qq,. 2) — ayai(1 = FI (g, 2T

l
(g0 2) / a2’ aya; £ explie’ — 2)17]
V4

x (Eg*(qo.. 2)E§(q0,, 7))o
x exp{—iq, [(z' — z) cot 6,]}

z
+1;/(qq,. 2) / dz'|az|*f* expli(z’ — 2]
0

x (E(qy, . 2DE (a0, D))
x exp{—iq, [(z' — z) cot 6,]}
1 (o jale
+ . laz (1 = £7) /d%x Li(gy,, 2T
1 Ack
+onlal( =) [ dg, i, 08 + e

(40)
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81;5(% ,2) L h (73
— = i = a)lii(an, ) + a1 = i, DT

Z
(g, 2) f dz aya f* expl—i(z — ]
0

x (Ex(q, . D ENay . )y
x expligy, [(z' — z) cot6,]}

1
— I(q;,. 2) / dz’ |, *f* exp[—i(z' — 2)n"]
z

X (Eg(qhx» Z)Eg*(%x» 2o
x explig,, [(z' — z) cot 6,]}

1 Ac
T |ah|2(1 ) /d%x 15(qy,, )T

1 Ack
T |ah|2(1 - /d%x I([)i(%x’ )" +c.c.

(41)

Here, relations within (), and (), are normalized to the
diffuse intensities I and I¢, respectively. Now we enter into
consideration of the correlation lengths of the diffusely scat-
tering waves:

I—z~00

1:0(’7/’ 9o, z) = f dé expli&(n' — qo, cot 6,)]
0

X (ES*(q0, DE)(qo. 2+ )y (42)

z

For o 2) = / dy exp[—iv (7 — gy, cot6,)]
0

X <EZ(CI(JX’ Z)EZ*(‘IOX’ 2=y (43)

Finally, the equations for the diffuse intensities can be
rewritten as

I8 (qq,» 2)

o = il (a0, 2) — (1 = P a0, 2

— apay le(z)i(%xv Z)l:o + |aﬁ|2f212(%xv Z)fH

1 Ack
+g|a;§|2(1 —fz)/d%x IZ(QhX7 )5

1 Acsk
+onlal =) [ da, I, 2% + o
@9

ag,.2) ~
U a)li(q;, - 2) + aya;(1 = (g, , )T

+ a,a; P Iqy, . DT = |a,*f15 (g, . 2T

1 2ok
~ el =) [ da, B, 2%

1 c Ack
o |ah|2(1 —fz) /d%x 10(%3 )T +c.c.
(45)

The first terms on the right-hand side of equations (44) and
(45) describe the photoelectric absorption, the second ones

determine the diffuse absorption, the third ones represent the
attenuation as a result of diffraction of the diffuse waves, the
fourth and the fifth ones are responsible for the diffraction of
the diffuse waves, and the sixth ones define the sources of the
diffuse waves inside the crystal.

In the case of kinematical diffraction, the system of equa-
tions for the coherent amplitudes (24) is simplified:

0EG(qy,» 2)
0z

oL} (qy, . 2)
0z

= i(ay — qo, cot 6,)Eg(q,, . 2)

. / . 46
=i(a, —n' + q,, cot6,)E} (g, , 2) (46)

— iay [EG(qy,» 2)-

Recently (Faleev et al., 1999; Pavlov et al., 1999), our approach
in the semidynamical form was used for the determination of
the principal parameters of vertically coupled InAs quantum
dots (QDs) self-assembled in a GaAs matrix. The statistically
disturbed QDs were described as kinds of structural defects
and only the coherent intensity of the diffracted wave was
taken into account.

For the diffuse intensities in the kinematical case, we obtain
from (44) and (45):

(g0, 2)

3 = iayl§(qy,. 2) + c.c. @7
Z

j(qy,. 2) ., iy
% = —i(n' — ao)lﬁ(%x» 7)) — |ah|2leg(qhx, )T

1 Ac
o la, > (1 — f*) fdQOX Ig(‘]ox’ )"

1 c
Ton |ah|2(1 - fz) qu()‘ IO(CIOXv 0)
x exp[—2 Im(a,)z]T{* + c.c. (48)

In the ideal case, if a plane wave with intensity of unity falls on
a crystal, there is only one Fourier component in the form of a
delta function in the incident beam. And if the registration
system works in the so-called 620 mode (g, = 0), then one
can obtain from (24), (44) and (45) the equation for the plane-
wave diffraction (Pavlov & Punegov, 1998a,b).

5. Concluding remarks

The new approach to Kato’s variant of SDDT for simulating
the intensity distribution in the reciprocal space is proposed in
the case of statistically distributed microdefects. Compared to
other approaches (Holy et al, 1992, 1993, 1994; Darhuber et
al., 1997), our approach describes more correctly the scat-
tering process in thick structures, where one has to take into
account the dynamical interaction inside the wavefields.

APPENDIX A
For presentation, in the triple-crystal scheme we use a stan-
dard (4n, —n, +n) arrangement (lida & Kohra, 1979; Zaum-
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seil & Winter, 1982a,b). However, instead of 6 and « (Iida &
Kohra, 1979), for angular deviations we employ ¢ and o,
respectively. The differential variations of the scattering
vector q = K;; — K, near the Bragg reflection are given by
(see Appendix in Herres et al., 1996):

8q, ~ —k[cos(8; + )¢ + 2sin(6) sin(p)w] (49)
8q, =~ —k[sin(0; + @)e — 2sin(0;) cos(p)w]. (50)

&2

These equations (49), (50) can be obtained from the simple
geometrical construction for deviation vectors 6K, and 6K;;
(see Kazimirov et al., 1990):

8K, = kcos(05 — p)w, 6K, = —ksin(0z — p)w, (51)
8Ky, = —kcos(0p + ¢)(e — w),
8Ky, = —ksin(0 + ¢)(e — w), (52)

since 6q = JK,, — 5K, In the case of coherent scattering, the
components §K, and §K, should be the same if the crystal is
homogeneous in the direction parallel to its surface. It results
in ¢ = w(1 + b) for coherent plane waves (so-called 6-26 scan
scheme) and transforms equations (49) and (50) as

8q, ~ —kwsin(20,)/ sin(0, + ¢) (53)
8q, =0. (54)

Here, in equation (53), §q, is identical to the parameter (—n’)
(9), exclusive of the term including the refraction effect.

In this paper, we take into consideration the pseudo-plane
incident waves. This means that the position of the average
wavevector of the incident wave determined by  is not
enough to describe the complex structure of the incident
waves. Hence, we have to introduce the additional vector qp,
which describes the deviation of the Fourier-component
wavevector from the average wavevector K, of the incident
wave. By analogy, we may assume that

q()z = kCOS(QB - (p)(l)/, q()x = _k Sin(eB - (p)(,(),, (55)

where @' describes the deviation of the wavevector of any
Fourier component of the incident wavefield from the average
wavevector K. In the case of an ideal plane wave, there is only
one nonzero Fourier component with ' = 0. The components
of the vector q are given by

qu. = —kcos(bp + 9)le — (1 + b)),

: (56)
—ksin(6; + @)[e — o(1 + b)].
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